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We show that a strongly prime Dixmier algebra A can be realized as a sub- 
algebra of Hom(M, M), where M is a module in the category ~5. If A is completely 
prime and has maximal Gelfand-Kirillov dimension, then M can be chosen to be 
a direct sum of submodules of Verma modules. We also show how to construct a 
completely prime Dixmier algebra out of submodules of Verma modules. n? 1992 
Academic Press, Inc. 
0. INTRODUCTION AND NOTATION 
0.1. Let g be a complex semisimple Lie algebra, U(g) its universal 
enveloping algebra. Then a Hurish-Chandra U(g)-&rod& is a finitely 
generated U( g )-bimodule V satisfying the following conditions: 
(1) V is a direct sum of finite-dimensional simple g-modules when V 
is considered as a g-module under the adjoint action. (The adjoint action, 
denoted ad, is defined thus: for u E V and x E g, (ad x)u = xv - ux.) 
(2) Let E be a finite-dimensional g-module. Then the multiplicity 
[V : E] of E in V in finite. 
(3) The left and right annihilators of V coincide. 
A Dixmier algebra is an (associative) algebra A (with 1) equipped with 
an algebra map U(g) -+ A making A a Harish-Chandra bimodule under 
the obvious bimodule structure. These algebras were introduced in [Vl] 
and were named and studied in [M]; for the connection between represen- 
tation theory (expecially the orbit philosophy of Kirillov and Kostant) and 
Dixmier algebras, see [Vl, V2]. For reasons explained there, we are mostly 
interested in Dixmier algebras, where Ker( U(g) + A) is a primitive ideal 
and where A is a completely prime algebra (i.e., the product of two 
nonzero elements is nonzero). The first part of this paper shows that all 
such Dixmier algebras can be realized as maps between modules in the 
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Berstein-Gelfand-Gelfand category 0. In fact, in the first part we assume 
a slightly weaker condition than complete primality: we only require that 
A be strongly prime, i.e., the product of any two nonzero subbimodules is 
nonzero. 
In the second part of the paper, we specialize to the case where A 
is a large completely prime Dixmier algebra, i.e., those with maximal 
Gelfand-Kirillov dimension (see 2.1). Our goal is to give a classification of 
such algebras. We first show that these algebras are subalgebras of 
hom(M, M), where M is a direct sum of submodules of Verma modules 
(thus obtaining a more precise version of the results of the first section). In 
the third section, we show the converse: given such a module M satisfying 
certain extra conditions (see the theorem in section 3.1 for the precise state- 
ment), we can find a completely prime Dixmier algebra inside hom(M, M). 
0.2. We start with a quick description of the notations and conventions 
we use; mostly we will follow [J]. All algebraic operations (tensor 
products, homomorphisms, etc.) are over the complex numbers unless 
otherwise specified. All modules and bimodules are over g. If A4 and N are 
bimodules (resp. modules) then the space of bimodule (resp. module) 
homomorphisms from M to N is written horn, x ,(M, N) (resp. 
hom,(M, N)). When we treat bimodules as modules, it will be via the 
adjoint action of g, so if M is a module and N a bimodule, hom,(M, N) 
denotes the space { 0 E hom(M, N) 1 &xm) = xqS(m) - &m)x for all x E g, 
mEM}. 
Suppose M is a module. Then M’ denotes the bimodule whose under- 
lying vector space is the same as M, and g acts as usual on the left but as 
zero on the right. 
If M and N are modules, then we define dp(M, N) to be the bimodule 
{d~hom(M, N)Id is (adg)-finite}. 
If M and N are modules in the category 0, then 9(M, N) is a 
Harsh-Chandra bimodule. These bimodules will be our main tool in 
studying completely prime Dixmier algebras. 
0.3. Fix a Cartan subalgebra lj of g. We denote the ensuing root system 
by R, the Weyl group by W, the root latice by Q(R), and the weight lattice 
by P(R). A weight A~lj* gives rise to a character (i.e., an algebra 
homomorphism) xi: Z(g) + C, where Z(g) is the center of U(g). The ideals 
Z, = U(g) ker xn are primitive and completely prime; they are minimal in 
the sense that every primitive ideal contains an ideal of the above form for 
some 1 E h*. The algebra U(g)/Z, is an example of a completely prime 
Dixmier algebra. 
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0.4. If AE~* is a dominant weight, we let o(2) denote the set of 
dominant weights in WI. n (1, + P(R)). If E., and 1, are different elements 
of o(n), then A, - A and i,- 1” are noncongruent modulo Q(R) and the 
sum (2,-n)+ (LB-,!) is always congruent to i&,-A, where I, is a third 
member of D(i). Therefore the cosets (AU-i) + Q(R) : &ED(~+) form a 
subgroup of P(R)/Q(R) which we will denote by P(1). Members of o’(1) 
will usually be denoted by X, /I, etc., while the corresponding members of 
D(2) will be denoted by A,, I,j, etc. 
0.5. Suppose AE~* is a dominant weight. Let X2 denote the category 
of Harish-Chandra bimodules annihilated on the right by the ideal I, (see 
0.3). We then have a functor FA from the category XL to the category 0, 
where U; = U(g)/Z,. We also have an (exact) functor .5& from the category 
0 to the category X>., 
%(W = ~(~(j”), w; 
here n/r(A) is the Verma module with highest weight ,? - p, where p is half 
the sum of the positive roots, as usual. 
The relation between 5, and 2’A is as follows. 
THEOREM (see [BG, 6.1 and 6.31). (1) .L$, is right adjoint to 5,; that is, 
hom,(%. K NJ = homgx n( V, %,(N)), 
where V is in the category $ and N is in the category 0. 
(2) z, and 6, define equivalences between XL and a full subcategory 
of Co; YA and 5, are inverses of each other. In particular, L&Q&, is 
isomorphic to the identity functor. 
0.6. Recall (from, e.g., [J]) that a bimodule (resp. module) is called 
homogenous if all its subbimodule (resp. submodules) have the same 
Gelfand-Kirillov dimension. If all proper quotients of a bimodule (resp. 
module) have strictly smaller Gelfand-Kirillov dimension, then we call the 
bimodule (resp. module) quasi-simple (also called critical in [J ] ). A quasi- 
simple bimodule is automatically homogenous; the same statement holds 
for modules. We will write d(A) to denote the Gelfand-Kirillov dimension 
of a bimodule (or module) A. General facts about homogeneity and quasi- 
simplicity can be found in [J, Chap. 83. 
1. THE REALIZATION 
1.1. In this section we begin our study of strongly prime Dixmier 
algebras. As stated in the introduction, our goal is to obtain a realization 
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of such an algebra as a subalgebra of 9(M, M), where M is a module in 
the category 0. This is done in Corollary 1.5 below. 
Let A be a strongly prime Dixmier algebra with ker(U(g) + A) z I, 
(notation from section 0.3); we can (and do) choose i to be dominant 
without loss of generality. Suppose A,, A,, and A, are subbimodules of A 
with A,A2~A3. By Theorem 0.5, Aj is isomorphic as a bimodule to 
9(M(A), M,), where Mj=q.(Ai) (i= 1, 2, 3). From here on we identify A, 
with Y(M(A), Mi) (hence we think of the elements of A, as maps); we will 
write Ai = Y(M(E,), Mi) without hesitation. 
We will analyze the multiplication in A by looking at it as a bimodule 
map. Hence, we start with the following. 
LEMMA. Suppose E is a finite-dimensional g-module and q5 E horn, (E, A, ). 
Then the map from E’@ A, (notation from section 0.2) to A, defined by 
e@aH&e)a (where eEE, aEA,) is a bimodule map. 
Proof: LetxEg.Thenx(e@a)=(xe@a)+(e@xa)issentto&xe)a+ 
d(e)xa = xq5(e)a - &e)xa + #(e)xa = x e a, and (e@a)x=e@ax is sent q5() 
to $(e)ax, as required. Q.E.D. 
1.2. The preceeding lemma shows that candidates for multiplication 
A, x A, + A, can be found among the bimodule maps E’O A2 + A,. We 
now investigate these maps and show that they all arise from composition 
(Proposition (1.3) below). We start with a useful lemma. 
LEMMA. Let V be an object in Xi, M = 6. V. Then 
T(M(AX M)M(A)(:= {&m)l#ET(M(I), M), mEM(A)})=M. 
Proof: Suppose 9(M(A), M) M(A) = M’. Then 6P(M(A), M’) = 
A?(M(A), M), and by the exactness of 9>., we conclude that 9’(M(I), M/M’) 
= 0. Therefore, for any finite dimensional simple g-module E, we have 
0= hom,,,(E’@ V, g(M(I), M/M’)) 
= hom,(YA(E’@ V), M/M’) 
= hom,(E@ M, M/M’). 
Hence, [Lf(M, M/M’) : E] = 0 for any E, so Y(M, M/M’) = 0. If 
M/M’ # 0 then 0 # horn&M, M/M’) E 9’(M, M/M’), a contradiction, So 
M/M’ = 0 and M = M’. Q.E.D. 
1.3. PROPOSITION. Suppose $: E’O Z’(M(A), M,) + 9(M(I1), M,) is a 
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bimodule map. Then there is a unique g-module map q: E + 5k’( MZ, M3) such 
that 
here e E E, v E Y(M(A), M,) and 0 indicates map composition. 
Proof. We define a map @ from the vector space hom,(E, Y(M,, M,) 
to the vector space hom,,,(E’@Y(M(A), M,), 9(M(J), M3)) as follows: 
If n is in the domain of @, then @rl is the map that takes e 0 u to q(e) 0 v. 
An easy calculation, similar to the one in Lemma 2, shows that q(e) 0 v is 
indeed a bimodule map. We need to show that @ is an isomorphism (of 
finite-dimensional vector spaces). Now 
dim hom,(E, Y(M,, M3)) =dim hom,(E, hom(M,, M3)) 
=dim horn&E@ M,, M,) 
and also 
dim horn, x ,(E’O Z(M(l), M2), 9(M(A), M3)) 
=dim hom,(FA(E’@A,), s..A3) by Theorem 0.5 
= dim horn&E@ M,, M3). 
Hence, the domain and range of @ have the same dimension. We now 
show that Q, is injective; this will prove the proposition. Suppose q(e) 0 u = 0 
for all eE E, DE 9(M(A), M2). Then q(e)(Y(M(A), M,)M(I)) =O. By 
Lemma 1.2 this means q(e)(M,) =0 for all eE E, hence, q(e) is the zero 
map, so q = 0. Q.E.D. 
1.4. Let V be a finite dimensional ad g-stable subspace of A i such that 
U(g) V = VU(g) = A, (such a subspace can always be found, cf. [J, 
Lemma 6.101). Lemma 1.2 and Proposition 1.3 imply that there is a 
g-module map ye: V+6P(M2, M,) such that ua=q(u)oa for any UE I’and 
a E A, = 9(M(1), M2). Therefore, multiplication Vx A, --+ A, comes from 
map composition. Of course we would like to enlarge I/ so that it becomes 
all of A,. We do this as follows. 
THEOREM. Let A be a Dixmier algebra with ker( U(g) + A) 2 I,, where 1 
is dominant. Suppose A,, A,, A, are subbimodules of A with A,A,E A,. 
Zdentifv Ai with z(M(l), Mi), where Mi = ~j.Ai (i = 1, 2, 3). Then there is 
a bimodule map 
v: JWf(~), M,) + y;P(Mz, M,) 
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such that 
ala2 = v(al)oa2 
for any a, E Y(M(i), M,), a2 E Y(M(l), M2). Furthermore, the map q is 
injective if A is strongly prime. 
Proof: Let V be a finite-dimensional subspace of A, as above, and let 
9: V+ Z(M,, M,) be the g-module map such that va2 = q(u)” a2 for all 
VE V, a2EA2. 
Let vi, u2, . . . . v, form a basis for V. We extend q so that it is defined on 
the whole of A, (still calling the extension q) by declaring 
where ui E U(g). (Note that every a1 E A, can be expressed as C;= I uiui 
since A, = U(g) V.) We have to show that this extension of q is well defined. 
Suppose C; uiui = 0; we need to show that Cy uiq(vi) = 0. For any w E AZ, 
we have 
O= iU[Vj W=i (Ui(V;W))=i (UjYf(V,)OW)= i .q( .) 
( ) I I 1 
(, u, 0, >,. 
Hence, [C; uiq(ui)] 0 ?Z(M(A), M2) = 0. Since 3(A4(1), M2)M2)M(A) = 
M,, we conclude that x:rf ujq(ui) = 0, as required. 
It is clear that the extended q is a bimodule homomorphism since it is 
both a left module and an ad g-module homomorphism. 
Now suppose A is strongly prime. If r] has a nonzero kernel B G A,, then 
BA, = v(B) 0 A, = 0, contradicting the strong primality of A. Q.E.D. 
1.5. We are now able to obtain the realization of A we want. 
COROLLARY. Suppose A is a strongly prime Dixmier algebra. Then A is 
a subalgebra of S?(M, M) for some module M in the category 0. Further- 
more, A is a bimodule direct summand of Y(M, M). 
ProojI Let A, = A, = A3 in Theorem 1.4. Then there exists an injective 
bimodule map q: A + LZ(M, M) (where M = 5. A) such that ab = q(a) 0 b 
for any a, b E A = S?(M(I), M). All we have to do now is show that q is 
an algebra map. Now (ab)c = u(ab)oc and a(bc) = (q(a) 0 b)o c. By 
associativity of multiplication in A, we have 
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and since g(M( A.), M)M(A) = M, we obtain 
as required. 
To show A is a bimodule direct summand of Y(M, M), we exhibit an 
explicit complement for A in g(M, M). Let Z= Ker(U(g) + A); then 
U(g)/Z is a subbimodule of A, so A4 contains a quotient M’ = M(A)/N of 
M(A) with Y(M(I), M’) N U(g)/Z. Let B = (4 E 2’(M, M) (#(M’) = 0). The 
strong primality of A now implies that q(A) n B= (0). Hence, for any 
finite dimensional simple module E, we have 
[Z(M, M) : E] > [A : E] + [B : E]. 
But the exact sequence 0 + M’ + A4 -+ M/M’ + 0, which gives us the exact 
sequence 
0 + B + Y(M, M) + Y(M’, M), 
implies conversely that 
[diP(M,M):E]d[B:E]+[2’(M’,M):E]<[B:E]+[A:E]. 
Thus we have equality everywhere, and in particular, P’(M, M) = 
dA)OB. Q.E.D. 
2. LARGE DIXMIER ALGEBRAS 
2.1. In this section we specialize to the case where A is a Dixmier 
algebra with Ker( U(g) + A) = I, (notation as in section 0.3). Such Dixmier 
algebras will be called large, because of the following result. 
LEMMA. Suppose A is a large strongly prime Dixmier algebra. Then 
as a bimodule, A is homogenous, with d(A) = d(U(g)/Z,) (notation as in 
section 0.6). We have the isomorphism A N Ll’(M(,l), M), where M is a 
homogenous module in the category 0, with d(M) = d(M(L)). 
Proof. Were A not homogenous, an ideal I bigger than Zj. would 
anniholate a nonzero subbimodule B of A. This means the product of 
Z/Zj, z U(g)/Z, E A with B is zero, contradicting the strong primality of A. 
The rest of the lemma follows from the equivalence of categories in 
Theorem 0.5 and the fact that U(g)/Z, 2: Y(M(;J), M(I)). Q.E.D. 
The last part of this lemma means that the Gelfand-Kirillov dimension 
of A is maximal; hence the sobriquet “large.” 
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2.2. For c1 in II’(n) (notation as in section 0.4), let A, denote the set of 
elements in A whose weights lie in the coset c1+ Q(R); clearly A, is a sub- 
bimodule of A and A,A,& A,,,. Hence, we have grading of A by D’(a), 
A= 1 A,= c %M(A),M,); (2.2.1) 
SL ED’(1) a E D’(%) 
here M, is a module in 0 whose weights are in the coset 2 + CI + Q(R), i.e., 
in A, + Q(R). We can choose M, to be homogenous; then the module M 
of Lemma 2.1 is just the direct sum C, M,. 
By Theorem 1.4 we have bimodule injections 
rl,,p: .aWA)t MJGaM,? M,+p) (2.2.2) 
such that xy = ~,,~(x)oy for all XE A, and YE A,. Note that we identify A, 
with Y(M(n), M,), and similarly for A,. 
A grading as above clearly exists for all Dixmier algebras, not just large 
ones. 
2.3. We now consider the main object of this paper, large completely 
prime Dixmier algebras. We have the following result. 
THEOREM. Suppose A is a completely prime large Dixmier algebra. Then 
each A, in the decomposition (2.2.1) has a unique irreducible subbimodule; it
is isomorphic to Z(M(1), N,), where N, is an irreducible Verma module. 
Proof: Lemma 2.1 shows that any irreducible subbimodule of A has 
Gelfand-Kirillov dimension equal to the Gelfand-Kirillov dimension of 
U(g)/Z,; hence, it must be of the form Y(M(l), N), where N is an 
irreducible Verma module. We want to show that a homogenous piece A, 
has only one such irreducible subbimodule. We start with the identity 
component A, which contains U(g)/Z,. Any irreducible subbimodule of A0 
must be isomorphic to X:= T(M(A), M(p)), where p is the (unique) 
antidominant weight in the Weyl group orbit of ,I with ,I -p E Q(R). We 
will show that dim homRXS (X, A,) = 1. 
Suppose t,+, 4~ hom,,,(X, A,). Multiplication of b(X) with $(X) gives 
us a bimodule injection I]: Xs P(M(p), M,) such that &x)$(y) = q(x)oy 
(Theorem 1.4). Now y is an element of U(g)/Z, and r] is a bimodule map, 
so q(x)oy= I. At this point we need to know that q takes X into a 
copy of A0 = Y(M(;i), M,) inside 9(M,, M,); this is an easy consequence 
of Lemma 2.4 below. Assuming this, we see that IJ can be considered an 
element of horn, x 9(X, A,,). Suppose horn, x 9 (X, A,,) is n-dimensional. Then 
we have found two n-dimensional subspaces of A, (namely, {I,&x)} and 
{$(y)} as 1+9 ranges over horn,,, (X, A,,)) whose product is at most 
n-dimensional. This contradicts the complete primality of A,, if n is bigger 
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than 1. Hence, A, has only one copy of X inside it. This also implies that 
M, has only one irreducible submodule, namely M(p). 
We now consider an arbitrary homogenous component A,. Let X-, be 
an irreducible submodule of A -.; then X-, is of the form Z(M)(l), N-,), 
where N-, is an irreducible Verma module. Multiplication A,X-, c A0 
gives us a bimodule injection A, 4 4”(N -a, M,). But M, has only one 
irreducible submodule. This and Lemma (2.4) implies that A, has only one 
irreducible subbimodule. Q.E.D. 
2.4. LEMMA. Suppose X = 9(&f(i), M) is a homogenous bimodule with 
d(X) = d( U(g)/Z,). Then X is a subbimodule of Y = T(M(p), M) (here M(p) 
is the (unique) irreducible submodule of M(A)), and d( Y/X) < d(X). 
ProoJ: We can assume M is homogenous with d(M) = d(M(A)). A4 has 
a quasi-composition series 
where M,/M, + 1 is quasi-simple with d(M,/M,+ ,) = d(M) (see [J, 
Lemma 8.121). We are going to use induction on r. 
The assumption on Gelfand Kirillov dimension implies that the only 
irreducible submodules of M are Verma modules. When r = 1 M is quasi- 
simple and hence has only one irreducible submodule, say N. Now in the 
exact sequence 
the rightmost member is zero since M(p) is irreducible and d(M/N) < 
d(M(p)). Hence, S?(M(p), M) is isomorphic to P’(M(p), N), which is 
known to be quasi-simple, finishing the case r = 1. 
Assume now that r > 1. Then we have an exact sequence 
where M/M’ is quasi-simple with d(M/M’) = d(M). We also have the exact 
sequences 
The induction hypothesis implies that the bimodules on the left and right 
have the same number of “large” composition factors, i.e., those with 
Gelfand-Kirillov dimension equal to that of X. Hence, the bimodules at the 
center, namely X and Y, also have the same number of such composition 
factors. This implies d( Y/X) < d(X). Q.E.D. 
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2.5. In this section we investigate the subalgebra A, in the decomposi- 
tion (2.2.1). Since A, is a large completely prime Dixmier algebra in its 
own right, we will assume that A = A, in this and the next two sections. 
Our goal is to show that A is a no larger than U(g)/Z,; the proof will be 
by contradiction. To this end we make the following assumption. 
Assumption. A N Z(M(1), M) strictly contains U(g)/ZA. This implies 
that there is a submodule M, 2 M(i) of A4 such that M,/M(A) is critical 
wth d(M,/M(A)) = d(M(i)) (notation as in section 0.6). 
We will show in 2.7 that this assumption leads to a contradiction. 
Let S denote the set of nonzero elements in U(g)/l,. Then by [J, 11.151, 
the Ore localization B of A is given by B= S-IA. Let B, denote the 
subbimodule S’$P(M(A), M,) and B, the subbimodule (and sub- 
algebra) S~‘U(g)/Z; Since 8(M(A), M,)/9(M(;1), M(A)) is a quasi-simple 
bimodule whose socle is isomorphic to the socle of U(g)/Z,, we conclude by 
[J, 11.121 that B,/B, is isomorphic to B,. Let x be an element of B, such 
that the coset x + B, corresponds to the unit element 1 of B,. It does no 
harm to assume that B is generated as an algebra by B, and X. 
For k = 1, 2, . . . define B, inductively by Bk = B,xk + Bkp,. Note that B, 
tits into this pattern. 
LEMMA. B, is a B,-subbimodule. There is an integer n such that 
B ,,+ 1 = B, = B. Zf 1 <k d n, then B,/B, ~, is isomorphic to B,. 
Proof: If u E B,, we have 
XkU=UXk-(UX-xu)Xk-‘-x(uXk-‘-xk-lu) 
EBk+BOXk-‘+XBke2 by induction 
cBk+Bk-,+Bk-l 
GB,. 
Thus B, is a B,-subbimodule. The second statement of the lemma follows 
from the Noetherian property. If 1 <k < n, then clearly B,/B,- , is either 
trivial or isomorphic to B,, again by [J, 11.121. If Bk/Bk- i is trivial then 
B,- i is a subalgebra (easily checked) and this means x and BO does not 
generate B as assumed. Q.E.D. 
If we now define A,=AnB,, we obtain a quasi-composition series 
for A. 
0 c U(g)/Z, N cY(M(A), M(A)) E A, ‘v LC’(M(1), M,) E . . E A, 
= A N Y(A4(2), M). 
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2.6. We retain the notations and assumptions of the previous section. 
Recall that by Corollary (1.5) A is a subalgebra of Z’(M, M), hence, 
B is a subalgebra of S’9(M, M). By [J, 11.151, S’P(M, M) is the 
Ore localization of 9(M, M). Applying [J, 12.31, we conclude that 
S- ‘P’(M, M) is isomorphic to the ring of (n + 1) x (n + 1) matrices with 
entries from the (noncommutative) field B,. Our task now is to find a 
matrix realization of the element x from Section 2.5. 
Consider the subbimodule V := 9(44/M,- 1r 44) of 9(M, M) (for the 
definition of IV,- , , see the quasi-composition-series for A at the end of 
2.5). Since M/M,- , is a quasi-simple module whose socle is isomorphic to 
the socle of M(1>), we conclude that S1 VE S’-P(M(A), M) N B as 
B,-subbimodules. Hence, as a right B,-vector space, S ’ V is (n + l)- 
dimensional. Therefore, S ‘Y(M, M) can be identified with the ring of 
B,-endomorphisms of S1 V. 
We now choose a basis for S ’ V. Let $ be an element of S ’ V 
corresponding to the element 1 E B under the isomorphism noted in the 
preceeding paragraph. Then II/ E S’T(M/M,- ,, M(1,)) and it is easy to 
see that for any k = 0, 1, . . . . n, the element x”$ is in S ‘Y(M/M, _, , Mk). 
In fact Lemma 2.5 implies that xk is not in B,-, , so x“ll/ is also not in 
S-‘5fyM/M,-,, M,-, ). Therefore, the set { x”$} (k = 0, 1, . . . . n) forms a 
basis for S ’ P’. 
With respect o this basis, x corresponds to the matrix 
t 0  1 0  1 . .. ’‘ ’  . 0  : . (“:‘)a, “;‘)a0 y)a, 11 ) 
1 (n;’ a, i 
where uk is an element of B, (k = 0, 1, 2, . . . . n). 
A somewhat lengthy induction argument also establishes that an element 
UE B, (acting on the left) corresponds to the upper-triangular matrix 
( (~~;~ ygf II_ ;jrr;), 
where a: B, + B, is the derivation 8~ = ux - XU. 
2.7. We are finally ready to obtain a contradiction to our Assumption 
2.5. 
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THEOREM. Let A be a completely prime large Dixmier algebra with the 
decomposition (2.2.1). Then MO is quasi-simple; that is, A, 2: U(g)/I,. 
ProoJ: We retain the notations of 2.5 and 2.6. Let u E B,. Our choice of 
x shows that ux -xxu lies in Bd. Calculating the matrix of ux -xxu with 
respect o the basis of F’V in 2.6, we obtain the equations 
n-k 
(uak-aa,u)+ c (8u)a,+k=dn+‘pku 
i=l 
(2.7.1) 
for k = 0, 1, 2, . . . . n. 
The case k = n gives us 8~ = ua, - a,u. Calculating the matrix of 
a,x -xa, then shows that ikk = 0 for k = 0, 1,2, . . . . n. We then conclude 
that the &‘s COIIUnUtC. 
We now solve (2.7.1) for the ak’s in terms of a,. This is a long and 
involved calculation. Using the formula 
which can be estabished by induction, we obtain the result 
k-l 
an-k= 1 (-l)i 
i=O 
where the c,)s are elements of B. commuting with all of B,, i.e., c,EC. 
With this explicit formula, we can show after another lengthy calculation 
that the determinant of the matrix of a, + z - x, where z is some complex 
number, is zn + ’ -C;=; (n;‘)~,-i~i. H ence, there is a z E @ such that the 
matrix a, + z - x has zero determinant. But the element a,, + z - x is in the 
field B. Hence, we must have a, + z = x. This contradicts Assumption 2.5 
since we choose x to be not in B. but a,, + z is in B,. Q.E.D. 
2.8. COROLLARY. Let A, N 2(M(I), M,) be any homogenous compo- 
nent in the decomposition (2.2.1). Then M, is quasi-simple. 
Proof Let X_, be an irreducible subbimodule of A ~CL. The 
homogeneity of A-, implies that X-, is of the form 2’(M(1), N-,), where 
N-, is an irreducible Verma module. Multiplication A,X-, E A0 induces a 
bimodule injection A, 4 Z’(NPr, MO), by Theorem 1.4. Let M(1_,) be the 
Verma module containing N-,, with k, dominant. Now Lemma 2.4 
implies that 3(X,, MO) and S(M(1-.), MO) have the same number of 
irreducible composition factors with Gelfand-Kirillov dimension equal to 
d( U(g)/Z,). Since MO is quasi-simple, Z(M(I -,), MO) has only one such 
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composition factor. Hence, A 1, being a subbimodule of 9(X,, AI,), also 
has only one such composition factor, so A, is quasi-simple. Q.E.D. 
2.9. COROLLARY. In the decomposition (2.2.1), we can choose M, to be 
a submodule of the Verma module M(A,), with MO = M(A). 
Proof The injection qI,PI of (2.2.2) allows us to consider A, as a 
subbimodule of 9(M-,, M,) N P’(MPor, M(1)) N d;P(M(A), M(1,)) (see 
[J, 7.231). The equivalence of categories (0.5) then shows we can take M, 
to be a submodule of M(I.,). Since A, = U(g)/Z, by Theorem 2.7, we can 
take M, = M(i). Q.E.D. 
3. CONSTRUCTING DIXMIER ALGEBRAS 
3.1. We now tackle the construction problem: given a set of modules 
M, corresponding to the elements of D’(A), how can we construct a 
Dixmier algebra out of them? Of course, there must be some conditions on 
M, to make a construction possible; the theorem below tells us that (2.2.2) 
is not only necessary but also sufficient. 
THEOREM. %wose 1 Ma > 1 E D'(i) is a collection of modules, where 
M, = M(A) and M, is a submodule of M(I,) for all c( E D’(I). Suppose 
further that there exist injections 
Then the bimodule Y(M(A), C, M,) can be given the structure of a strongly 
prime Dixmier algebra. 
ProoJ We first make some general remarks about the injections in the 
above theorem. Suppose they satisfy the following conditions. 
(1) We have 
?,,~+,(x)“ylp,y(Y)=~,+p,y(~~,p(x)~Y) 
for all x E d;P(M(I), M,), y E Y(M(A), Mp). 
(2) We also have 
for any submodule A4 of M,. 
(3) ?o,o sends g(M(A), M(A)) to the copy of U(g)/Z inside 
Y(Mo, MO). 
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Then it is clear we can define an algebra structure on P’(M(1), z, M,) 
by xy = r]&x)o~ for x E Y(M(A), M,) and y E S?(M(A), MB). This multi- 
plication is associative because of condition (1) the algebra structure is 
strongly prime because of condition (2), and the algebra we obtain 
contains U(g)/Z because of condition (3). Note that if we start with a 
completely prime Dixmier algebra, then the maps (2.2.2) also satisfy 
conditions (1 t(3) above. 
We now prove the theorem in stages. First, let us assume that the 
modules M, are M(il,), where A, is in O(A). Then the theorem’s hypothesis 
about injections is superflous: since Z(M(A), M,) is isomorphic to 
=w+, M,+& such injections automatically exist. In fact they are all 
isomorphisms uniquely determined up to a scalar, and conditions (2) and 
(3) are automatically satisfied. To obtain a Dixmier algebra we therefore 
have to show that v,,~ can be chosen to satisfy (1). 
We first assume that D’(A) is a cyclic group. In this case we proceed as 
follows. Since v,,~ is determined up to a scalar, we only need to check 
condition (1) on particular elements x and y. Fix a generator LY of o’(A), 
and arbitrarily choose the isomorphisms v,,~ for all p E o’(A). Let 
M= x:pEDl(i.) M(As). We use the isomoprhisms qZ,p to construct an injec- 
tion qa from S?(M(A), M(A,)) to 9(M, M): for any xE9(M(%), M(A,)), 
vu(x) is the map whose restriction to M(A,) is q&x). Choose an element 
x E P’(M(A), M(A,)) which is a lowest weight vector under the ad action of 
g, i.e., x commutes with n ~. The subalgebra A’ of A’(M, M) generated by 
q,(x) and U(g)/I, is assosiative. Now let b=ncr. The restriction of q,(x)” 
to M(&) = M(A) gives us an element xn of 6P(M(A), M(AB)), since ~Jx)” 
sends M(A) to M(%,,). Because of the choice of x, it is easy to show that 
xn is nonzero. Then restriction of q%(x)” to M(A,) gives us an isomorphism 
rlB,? from Y(M(ll), M(i,)) to 9’(M(A,), M(A,+,)), namely the one sending 
xn to ~Jx)” on M(;i,). Using the associativity of A’, it is now easy to check 
that condition (1) for these v,,~ is satisfied for the pair x” and xm. Hence, 
the condition is satisfied globally. This gives us the required (associative) 
Dixmier algebra A; it can be seen that A is in fact isomorphic to A’. 
If P(A) is a product of cyclic groups n:=, o:(A), we first form the 
algebras Ai corresponding to O,!(A) as above. Then the algebra 
A,@,... Ou A, corresponds to D’(A), as can be checked easily. 
We now consider the general case, where M, is not necessarily the whole 
of M(1,). The construction of an algebra structure on Y(M(I), 1 M,) 
proceeds as follows. We first construct an algebra structure on 
2’(M(%), C M(1,)) a above. Consider now the subbimodule 
S?(M(A), C M,); I claim that the hypotheses of the theorem imply that this 
subbimodule is also a subalgebra. 
To show this, let XE 9(M(A), M,), YE P’(M(i), MB). The product xy 
is the element $a,,(~) oy, where #l.B is some isomorphism from 
ON LARGEDIXMIER ALGEBRAS 277 
=qM(I), M(L)) to =mw,J, MJ”, + p )). We need to show that $&x)oy 
is in Y(M(A), M, + a). Now Y(MB, M, + p) can be identified as the set of 
maps in g(M(A,), M(I, + s )) which send M,cM(A,) to M,+,EM(I,+~); 
therefore we only need prove that #,,, sends Y(M(A), N,)c 
P’(M(il), M(I,)) to Y(M,, IV~+~). Now consider the maps ql,p and the 
restriction of #a.B. Because of the isomorphism P’(M(AB), M(I, + 8)) N 
P(M(i), AI(&)), both of these maps can be considered as injections from 
Y(M(A), M,) to P’(M(i), M(&)). By Theorem 1.3 such injections are 
induced by ad g-module maps from the trivial module to Y(M%, AI(&)) 2: 
P?(M(&), M(I+,)) N U(g)/Z,,. Hence, there is only one such map up to 
scalar. Therefore, v,,~ and the restriction of $Z.B are scalar multiples of each 
other, and hence d,,p sends 6p(M(i), 44,) to Y(M,, A!,,,), as required. 
Q.E.D. 
3.2. This shows that we can always obtain strongly prime Dixmier 
algebras from the modules M,. To complete the classification we need the 
following result. 
THEOREM. All the algebras constructed above are completely prime. 
Proof. We use the criterion given in [M, Theorem 3.2.51. This is stated 
for unipotent Dismier algebras, but it is clear that the proof applies to a 
wider class of Dixmier algebras. Specifically, McGovern’s theorem says that 
any strongly prime Dixmier algebra A is completely prime if there is a 
grading of A by a commutative group F such that the following is true: the 
weights of two different homogeneous components are noncongruent 
modulo Q(R), the subalgebra corresponding to the zero element of 
F is completely prime, and any nonzero homogenous element is not 
a zero divisor. Clearly our grading satisfied the first two conditions; 
we need to verify the third. Let x be a nonzero element Y(M(A), M,); 
then there exists a YE Y(M(A), MP,) such that xy ~0. (Otherwise, 
v,,~.(x)oT(M(A), Me,)= {0}, hence ~l,Pl(x)(M,)= {0}, contradicting 
the injectivity of q,, -,.) Suppose x’x = 0; then x’xy = 0. Now xy E U(g)/Z,, 
and the map Y(M( A), M) + Y(M(A), M), z t+ zu is injective for any non- 
zero UE U(g)/l, [J, Lemma 11.91. Hence, x’ = 0 and x is not a zero divisor. 
Q.E.D. 
3.3. We mention a final result counting the number of distinct algebras 
isomorphic as bimodules. 
THEOREM. Suppose {M, }: IX E D’(n) IS a collection of modules as in 2.1. 
Then we can impose IH’(D’(n), Cx)l diff erent completely prime algebra 
structures on Y(M(jl), C, M,). Here D’(n) acts trivially on C x. 
Proof. This is done as [M, Theorem 1.21. Q.E.D. 
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